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(parallelization) .
high-performance computing , waveform-relaxation
$\text{ }\mathrm{t}_{\mathrm{F}}^{\mathrm{m}}\text{ }$ , $\beta_{\mathrm{r}}^{\mathrm{A}}\cong \text{ _{}\backslash }\text{ }\backslash \text{ }\backslash \text{ }R’\text{ }\backslash \grave{\mathit{1}}\yen \text{ }\backslash \backslash$, .
Continuous ODE method ,
.
Hamilton “ ” preserving
, Hamiltonian system symplectic methods ,
.
ODE $\langle$ ,




, (IVP of ODEs)
– . IVP of ODEs
(2.1)
, ( ) $y(x)(x>a)$ .
(2.1) , step-points
$(a=)X0<X_{1}<\cdots<x_{n}<Xn+1<\cdots$
, $h_{n}=x_{n+1}-X_{n}$ stepsize , $y_{n}\approx y(Xn)$ $\{y_{n}\}$
.
(linear multistep methods, $\mathrm{L}\mathrm{M}$ )
. – stepsize $h$
(2.2) $y_{n+1}= \sum_{j=1}^{k}\alpha_{jyn+}j+h\sum_{=}1-j0k\beta jf(x+1-i, yn+1-j)n$
. $\mathrm{L}\mathrm{M}$ subclass
Adams: $\alpha_{1}=1$ , $\alpha_{j}=0,$ $j=2,$ $\ldots,$ $k$
BDF: $\beta_{0}\neq 0$ , $\beta_{j}=9,$ $j=1,$ $\ldots,$ $k$
.
Runge-Kutta $(\mathrm{R}\mathrm{K})$ , .
(2.3)
’
$\mathrm{Y}_{i}=y_{n}+h_{n}\sum_{1i=}^{s}a_{ij}f(x_{n}+c_{j}h_{n}, \mathrm{Y}_{j})$ $(i=1,2, \ldots, s)$
$y_{n+1}=y_{n}+hn \sum_{i=1}bif(x+nC_{i}h\mathrm{Y}_{i})n$’
116
RK (2.3) Butcher tableau , .
20 , $\mathrm{L}\mathrm{M}$ , RK $y_{j}$ , $f$ “ ” ,





$\langle n)+h\sum_{j=1}^{s}b^{(1)}ijf(x_{n}+c_{j}h, \mathrm{Y}_{j}),$ $i=1,$ $\ldots,$ $s$
$\backslash y_{i}^{(r+1)}=\sum a_{ij}j=1r(2)y^{()}j+h\sum_{j1}^{s}nb_{i}(2)fj(_{X+c_{j}h,\mathrm{Y}}nj)=’ i=1,$
$\ldots,$
$r$
, s-stage r-value multivalue method general linear method
(GLM) . Butcher tableau
$\frac{A_{1}|B_{1}}{A_{2}|B_{2}}$
. GLM
$\mathrm{Y}_{i}$ $(i=1, \ldots , s)$ : step , off-step point $x_{n}+c_{i}h$
$y_{i}(i=1, \ldots, r)$ :step step ,
, $r=1$ , $s$ -stage RK , $s=1$ , r=2k , $y_{i}(i=1, \ldots, \Gamma)$
$(yn’ hfyn’ n-1’ hf_{n-}1, . . . , yn-k+1’ hf_{n}-k+1)$
, $k$-step $\mathrm{L}\mathrm{M}$ .
3
$[4, 18]$ , .
3.1 ODE
simulation , $\langle$ $(d\approx 10^{6})$ , stiff
. , , x, $t$
c(x,t)
(3.1) $\frac{\partial c}{\partial t}=\nabla\cdot(K\cdot\nabla c)-\nabla\cdot(cu)+E(x, t)$
. u(x, $i$ ) , $K=(K_{x’ y’ z}I\zeta K)$ , $E(x,t)$
.
, $x\in R^{3}$ $32\cross 32\cross 32=3\mathit{2}\mathrm{K}$
$d=32\mathrm{K}$ ODE . $m$ ,





|\ni p B stiff , $A$
. implicit $\mathrm{R}\mathrm{K}$ BDF ,
implicitness . , sequential
architecture machine , parallelism
.
Parallelism , B. GEAR ([4]).
$\bullet$ Parallelism across the method : block predictor-corrector methods
$\bullet$ Parallelism across the system: subproblem . Waveform relaxation $(\mathrm{W}\mathrm{R})$
category.
$\bullet$ Parallelsim across the steps
Parallelsim across the steps , GLM $\mathrm{R}\mathrm{K}$ Butcher tableau




idea IVP of ODEs time-rate .
$y_{1}’$ $=$ $f_{1}(x,y1,y2)$ , $y_{1}(a)=y10$ ,
$y_{2}’$ $=$ $f_{2}(x,y1,y_{2})$ , $y_{2}(a)=y_{2}\mathrm{o}$ , $x>a$
, .
$y_{1}^{\prime(k+}1)$
$=$ $f_{1}(x,y_{1}^{(k+1}, y_{2}^{(k)}))$ , $y_{1}^{(k+1})(a)=y10$ ,
$y_{2}^{J()}k+1$
$=$ $f_{2}(_{X},y_{1’ y}^{()}k2(k+1))$ , $y_{2}^{(k+1})(a)=y20$ , $x>a$
, Jacobi , Gauss-Seidel, SOR
.
$y_{i}^{\prime(k}+1)=f_{i}(X, y1’., y_{i1}(k)..(-k), y_{i}^{(}k+1),$ ($yi+1’.,$ yd)$k)..$ tk), $y_{i}^{(k+1}$ ) $(a)=yi0$ $(i=1, \ldots, d)$







$\mathrm{R}\mathrm{K}$ B , E. FEHLBERG #
$\sqrt$
,
x . $\mathrm{A}_{\mathrm{a}}\text{ _{ ^{}\backslash }\text{ }}\backslash$ J‘L S ,
$\mathrm{J}.\mathrm{R}.$ DORMAND&P. $\mathrm{J}$ . PRINCE 7 5 (4 ) (DOPRI5) V‘ -p\mp -,H
. .
$\bullet$ 4 .




$\mathrm{s}\mathrm{t}\mathrm{e}\mathrm{p}$ local error , W. ENRIGHT defect control. , $\{y_{n}\}$ , ( )
, $p_{n}(x_{n}+\theta h),$ $\theta\in(0,1]$ . ODE
$\delta_{n}(x)=\frac{\mathrm{d}p_{n}}{\mathrm{d}x}-f(x,pn(x))$
defect . ODE , \mbox{\boldmath $\delta$} .
$|| \delta_{n}(_{X}+\theta*h)||\approx\max||\delta_{n}(X+\theta h)||$
$(0,1]$
$\theta^{*}$ , , .
defect control $\text{ }\eta:\not\equiv\ovalbox{\tt\small REJECT} k\mathrm{t}" \text{ }$ , ODE $\iotaarrow(\sim\iota\backslash \lambda_{}’ \mathrm{t}\Psi \text{ }\ovalbox{\tt\small REJECT} \mathrm{f}-\mathrm{J}\mathrm{i}\mathrm{x}_{\text{ ^{}\wedge\iota_{arrow\int}^{}}}\overline{\text{ }})$\Gamma ,\llcorner ‘‘ffl\neg D \tau ‘‘b6\leftarrow \check $k$ b
$\iota\mathrm{e}^{\backslash }\backslash \text{ }n\text{ }\grave{7}$ . $(_{6.2}\nearrow/z_{l}\mathrm{H}_{\mathfrak{o}_{\backslash },\backslash }^{D})\vee|$
4.3 Continuous interpolant
defect control , (order of accuracy) $P$ $\{y_{n}\}$
, $p_{n}(x_{n}+\theta h),$ $\theta\in(0,1]$
$p_{n}(_{X_{n}+\theta}h)-y(X_{n}+\theta h)=o(hp+1)$
$p_{n}(x)$ , continuous interpolant . step-point
, off-step value .
graphical output , .
$\mathrm{R}\mathrm{K}\mathit{0})\ovalbox{\tt\small REJECT}^{\Xi.\underline{\Delta}},$ $\{y_{n}\}$ , stage values $\{\mathrm{Y}_{i}\}$ (at n-th step) , continuous inter-
polant \downarrow bFX‘^n‘\not\equiv . continuous $\mathrm{R}\mathrm{K}$ interpolant scaled $\mathrm{R}\mathrm{K}$ , dense-
output $\mathrm{R}\mathrm{K}$ . s-stage $p$-th order $\mathrm{R}\mathrm{K}$ with $a_{ij},$ $b_{j}$ , ci , $s^{*}-s$
stages , $\theta$ b,(
$u( \theta)=y_{n}+h\sum_{i=1}b_{i}(\theta)f(X_{n}+cih, \mathrm{Y}_{i})$
$u(\theta)-y(_{X_{n}+}\theta h)=o(hp+1)*$
. $p=p^{*}$ , DOPRI5
.
$\mathrm{L}\mathrm{M}$ , $\{yn+1, y_{n}, \ldots, yn+1-k\}$ ,





, xn , Nordsieck device
.
. continuous interpolant , stepsize changing
119
44 Robust code ’
non-stiff stiff , code .
, , heuristics
, code .
LSODE ( $\mathrm{A}.\mathrm{C}$ . HINDMARSH $\text{ }$) :BDF .
STRIDE ( $\mathrm{J}.\mathrm{C}$ . BUTCHER ) :SIRK (singly-implicit $\mathrm{R}\mathrm{K}$)
RADAU5 (E. HAIRER ) : Radau II ARK
stiff non-stiff code , stiffness detection
. , .
.
5 Hamilton “ ”
,
. (2.1) , ,
,
. .
5.1 Hamiltonian systems and symplecticness
$R^{2d}$ \Omega , state points $(p, q)=(P1, \ldots,Pd;q1, \ldots, qd)$ .
$q$ – (generalized coordinates), p conjugated generalized momenta .
$\Omega$ H , Hamilton , Hamiltonian H
(5.1) $\frac{\mathrm{d}p}{\mathrm{d}t}=-\frac{\partial H}{\partial q}$ , $\frac{\mathrm{d}q}{\mathrm{d}t}=\frac{\partial H}{\partial p}$
. \mbox{\boldmath $\varphi$}t : $\Omega_{-}arrow\Omega$ , $(p^{0},q^{0})\in\Omega$
(5.1) $t$ $(p, q)=\varphi_{t}(p^{00}, q)$ , fl\={o}w $\varphi_{t}(t\in R)$ .
diffeomorphism 1 $\Omega$ symplectic .
$\omega^{2}\equiv\sum_{1}$.
$\mathrm{d}p_{i^{\wedge}}dqi$$=\mathrm{d}p\wedge \mathrm{d}q-$
$\varphi_{t}\delta^{\grave{\grave{\mathrm{Y}}}}$ symplectic $\Leftrightarrow \mathrm{d}p\wedge \mathrm{d}q=\mathrm{d}p^{0}\wedge \mathrm{d}q^{0}$ for $(p,q)=\varphi_{t}(p^{0}, q^{0})$
. symplecticness , $R^{2d}$ oriented volume .
5.2 Symplectic integrators
, symplectic . RK ,
( ) ([17]). $\mathrm{R}\mathrm{K}$ Butcher tableau $A$





Theorem 1 $M=0$ RK symplectic .
$\mathrm{d}p\mathrm{d}n+1_{\wedge}q=+n1\mathrm{d}p^{n}\Lambda \mathrm{d}q^{n}$
: $\mathrm{R}\mathrm{K}$ irreducible , .
’\tau ’$\backslash \backslash \text{ }$( $\mathrm{n}- \mathrm{g}\mathrm{a}\mathrm{A}\mathrm{a}\text{ }\mathrm{t}\mathrm{i}_{\mathrm{v}}\text{ }$ d efi nitesyMm)pl ,ticRRKK a lg i c
.
5.3 Other symplectic integrators
Hamiltonian ,
(52) $H(p, q)=T(p)+U(q)$
, Hamilton (5.1) l
(5.3) $\dot{p}=-\frac{\partial U}{\partial q}$ , $\cdot=\frac{\partial T}{\partial p}$
, Lie algebra $\langle$ Lie bracket
)ySm\supset \xi \iota -\nwarrow lJexcticffgtB ( 7J.\Phi ‘‘) ’ ‘ B 0 \emptyset 6 \leftarrow \check 1 1 $\mathrm{A}\mathrm{a}\text{ _{ }}$. 1
$\doteqdot\neq(\Phi^{arrow}\backslash \perp k\mathrm{X}$
HHamiltonian (5.3) , 1 2
, RKN (Runge-Kutta-Nystr\"om) scheme .
symplecticness ([17]).
54 Lie theory and RK
(1995 ) , H. $\mathrm{M}\mathrm{U}\mathrm{N}\mathrm{T}\mathrm{H}\mathrm{E}-\mathrm{K}\mathrm{A}\mathrm{A}\mathrm{s}$ $\mathrm{R}\mathrm{K}$ scheme Lie-Butcher
theory $k\mathrm{E}7\pi 7\text{ }_{}’([15])$ . , symplectic , isospectral , Lie
$- \mathrm{c}\tau\backslash \pi^{\wedge}-\acute{\grave{\mathrm{x}}}\mathrm{C}_{=}\backslash \backslash \text{ }\epsilon$ ,\supset \nearrow \not\simeq \tau ‘ , 3|J $\mathrm{R}\mathrm{K}$ scheme
$\text{ }-\ovalbox{\tt\small REJECT}-\tau\backslash \backslash b^{\text{ }}$ . \Leftrightarrow , manifold ,
$\Gamma\pm \mathrm{A}\mathrm{h}_{\backslash }^{\frac{\mathrm{i}\mathrm{R}}{\tau}\text{ }}\iota \mathrm{R}\mathfrak{R}\text{ }r\mathrm{r}\not\subset \text{ }$
$\mathrm{A}^{\mathrm{a}}\not\equiv\ \mathrm{f}\mathrm{f}\mathrm{i}\llcorner \text{ }\backslash \grave{(}\ovalbox{\tt\small REJECT}\delta^{\backslash ^{\backslash }}\searrow\ovalbox{\tt\small REJECT}$ . $\mathrm{S}\mathrm{c}\mathrm{i}\mathrm{c}\mathrm{A}\mathrm{D}\mathrm{E}97$ ,








(6.1) $y’=f(y,z)$ , $\epsilon z’=g(y, z)$
$(\epsilonarrow 0)$ .
(62) $y’=f(y, Z)$ , $0=g(y, z)$
$k^{\gamma_{\mathrm{f}^{\gamma})}},$ $arrow\#\mathrm{B}^{\mathrm{I}}\mathrm{J}l\mathrm{h}’\{\mathrm{i}\mathrm{f}\mathrm{f}h\backslash x\ovalbox{\tt\small REJECT}^{\mathrm{n}}\mathrm{f}x\mathrm{X}\text{ }\backslash \text{ }\delta\grave{\grave{\mathrm{Y}}},$ $\langle/k\# l\mathrm{h}f\mathrm{B}\text{ }\ovalbox{\tt\small REJECT}_{\yen}^{-\text{ }C}-\backslash$ .\supset \tau , $* \text{ }\frac{\Xi}{\ovalbox{\tt\small REJECT}}(y, z)\delta\grave{\grave{\mathrm{Y}}}\mathrm{f}\mathrm{f}^{\mathrm{A}}\mathrm{o}\mathrm{D}\iota_{arrow \text{ }}$




$l\mathrm{h}l^{\Xi}\text{ ^{}\backslash \backslash }\mathrm{J}\mathrm{a}\mathrm{c}\pi\ovalbox{\tt\small REJECT}^{\mathrm{o}}\text{ }\cdot\#\text{ }*\iota\gamma^{\mathrm{r}}x\mathrm{A}.\text{ }fjb\mathrm{b}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{x}_{\mathrm{a}}\partial F/\partial’y\delta\grave{\grave{\backslash }}\text{ },\mathrm{D}\mathrm{A}\mathrm{E}\mathrm{s}l\mathrm{h}_{\mathrm{S}\mathrm{t}\mathrm{i}\mathrm{f}\mathrm{f}\mathrm{O}}.\mathrm{D}\mathrm{S}\mathrm{y}_{\mathrm{S}}.\mathrm{m}\text{ }\# 7\beta\not\in)\Phi \mathrm{B}^{\text{ }}\backslash \backslash \eta \mathrm{i}\not\simeq \mathrm{E}^{f}J\text{ }\mathrm{A}\text{ ^{}}\text{ }\epsilon_{\mathrm{E}^{\prime\mathrm{a}\vee}\mathrm{t}\mathrm{e}}1\grave{7}- \text{ }\epsilon \text{ _{}\mathrm{E}\text{ }}t\mathrm{h}\mathrm{i}\mathrm{E}\ovalbox{\tt\small REJECT}\#\nearrow\nearrow \text{ ^{}\prime}’(yxy\text{ _{ }\mathrm{c}^{\backslash }\text{ ^{})l_{}}}^{=f}\vee\backslash ’ \text{ }$
.
$\mathrm{A}_{\mathrm{a}}\cdot\supset \text{ _{}\mathrm{A}^{\mathrm{a}\text{ }} ^{}}rightarrow \text{ }f_{j}\mathrm{L},\dot{\iota}^{\ll^{- \mathrm{c}}}\wedge,\gamma_{I}\mathrm{c}_{\mathrm{k}^{\backslash \backslash }\mathrm{o}\mathrm{r}\mathrm{d}\epsilon\oint_{\backslash }\mathrm{g}^{\iota}}-\mathrm{D}\mathrm{A}\mathrm{e}\mathrm{E}\mathrm{s}\iota \mathrm{r}arrow \mathrm{x}\sim 1?^{\wedge}\yen^{-}\mathrm{g}\text{ _{ } }\mathfrak{B}\mathrm{A}- kl^{arrow}\text{ }t\ovalbox{\tt\small REJECT} \text{ }\cdot--\overline{\overline{\mathrm{o}}}\yen.*\text{ }\prime\backslash \backslash \# l5\mathrm{h},4,p\nearrow \mathrm{j}/\partial y’k\mathrm{s}\mathrm{C},\mathrm{B}" \text{ }-\iota\mathrm{h}f_{}^{\overline{\mathrm{T}}}\text{ }\grave{\mathrm{x}}^{\partial F}l\mathfrak{X}\backslash 3[,8]\text{ }\ovalbox{\tt\small REJECT}^{\mathrm{h}\mathrm{e}}\text{ ^{}\mathrm{m}\mathrm{e}l}\text{ }f_{\mathrm{A}\mathrm{a}}.\#\backslash \mathbb{E}|$
l\beta ‘bbg-C(‘‘y ’zh),=-0\xi -\emptyset kj’F\ulcorner (Dy]’\tau z‘‘)-B‘|J\iota ^Bc\rightarrow .\tilde oX1‘\iota .\sim \tilde \tau )‘T-‘6^‘ffi‘f\breve \tilde *^ |+\mbox{\boldmath $\delta$}‘‘‘ 1‘ffi-bffl\tau S’nm6an\neg Qif..BoAbb1d,r4\iota \mbox{\boldmath $\delta$}\searrow ‘^‘ \emptyset 6 c\check |Jffi\succeq $\text{ }\iotaarrowarrow\not\in$
)




(6.3) $\frac{\mathrm{d}y}{\mathrm{d}x}=f(x,$ $y(_{X)}, y(X-\tau))$
(6.4) $\frac{\mathrm{d}y}{\mathrm{d}x}=f(x,y(x),$ $y(_{X-}\mathcal{T}_{1}),$ $y(X-\tau_{2}))$
.
. – ,
, continuous interpolant .
RK (6.3)
$\mathrm{Y}_{i}^{(n)}$
$=y_{n}+h \sum_{j=\mathrm{I}}^{\mathrm{g}}aijf(_{X}n+c_{jj}h, \mathrm{Y}(n),y(X+nc_{j}h-\tau)$ $(i=1,2, \ldots, s)$
$y_{n+1}$ $=$ $y_{n}+h \sum_{i=1}bifl(X_{n}+C_{i}h, \mathrm{Y}i, y((n)hX_{n}+C_{i}-\mathcal{T}))$
$\text{ }f_{J}\text{ }i\backslash \backslash ^{\backslash },$
$\{y(_{X_{n}+}cih-\mathcal{T})\}(i=1, \ldots,s)(\mathrm{b}\mathrm{a}\mathrm{C}\mathrm{k}_{\mathrm{V}}- \mathrm{a}\mathrm{l}\mathrm{u}\mathrm{e}\mathrm{s})\iota\mathrm{h}$ step-point $\text{ }\mathrm{t}_{\mathrm{L}C^{\backslash \backslash }\mathit{6}}^{\mathrm{g}}-,$ $\mathrm{R}\mathrm{K}_{\mathrm{S}\mathrm{C}}\mathrm{h}\mathrm{e}\mathrm{m}\mathrm{e}$
$t\searrow\backslash ^{\backslash }\text{ }l_{\vee}.T\text{ }f^{\wedge}0\mathrm{f}\mathrm{f}_{-\mathrm{s}}\mathrm{t}\mathrm{e}\mathrm{P}\mathrm{p}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}\text{ }\mathrm{f}\mathrm{B}\mathrm{L}-\mathrm{C}^{\backslash \backslash }i)\gamma p\mathrm{t}.’\mathrm{a}\text{ }\backslash \backslash ,$ $-h$ #\emptyset --\Xi $\delta^{1}\text{ _{}\mathrm{A}\mathrm{a}t^{\mathrm{y}}}\iotaarrow|"\tau^{-}---\overline{\mathfrak{o}}+\ovalbox{\tt\small REJECT}\tau-\text{ }$
$\theta^{1}\delta \mathrm{s},$ $\text{ }- \mathrm{t}^{\backslash }\backslash |_{\mathrm{D}}35^{\mathrm{B}}\pi\underline{\mathrm{g}}\text{ }f_{\mathrm{f}}\text{ }$ . $\ll^{-}\text{ }\gamma_{}’ \text{ }\iota_{},$ $4.3\hat{\dot{\mathrm{B}}}\mathfrak{o}\text{ _{}\mathrm{J}}^{*}\underline{\prime \mathrm{t}\backslash }\backslash ^{\backslash }\mathit{7}\sim\backslash \backslash ,\mathrm{s}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{u}\mathrm{o}\mathrm{u}$ interpolant $\delta^{\grave{\grave{1}}}t5ffl^{-}\mathrm{C}\backslash \backslash \text{ }$ .
$\ll\cdotarrow.\mathrm{C}^{\backslash }\backslash ,$ DDEs $l_{\sim l^{\backslash }}^{arrow}\mathrm{f}\underline{\mathrm{f}\mathrm{i}}\text{ }1" f’ k\text{ },$ baCk-values $\epsilon$ Continuous $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}_{\mathrm{P}^{\mathrm{o}1}}\mathrm{a}\mathrm{n}\mathrm{t}- C^{\backslash }\backslash \mathrm{f}\mathrm{f}\mathrm{i}\text{ }g-\text{ }$ \‘o $\iotaarrowarrow \mathrm{t}$,
$f_{}$’Runge-Kutta $\grave{\mathrm{Y}}\not\equiv$ , “natural” $\mathrm{R}\mathrm{K}$ for DDEs $\text{ }\mathrm{t}_{\mathit{1}^{\mathrm{a}}\supset}.$ -C $\mathrm{A}\mathrm{a}\text{ }$ .
DDEs $\iota_{\sim^{Xf}}^{arrow}\backslash$g-6 /\mbox{\boldmath $\pi$}^‘^\S AY‘ software $\text{ }\gamma_{}’ \text{ }\iota\sim 1\mathrm{h},$ Variable $\mathrm{s}\mathrm{t}\mathrm{e}_{\mathrm{P}}\mathrm{S}\mathrm{i}_{\mathrm{Z}}\mathrm{e}$ implementaiO
$\text{ ^{}\backslash \backslash }\text{ }\wedge^{\backslash ^{\backslash }}\text{ }\backslash \backslash b\text{ }\phi^{\backslash ^{\backslash }}\backslash ,$ $\ll^{-}\text{ }f_{}’ \text{ }larrow$ #f \neq \theta ‘‘‘’A‘$\backslash \text{ _{ ^{}\backslash \backslash }}\mathrm{a}_{\text{ }}$ . $\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{e}\mathrm{C}\mathrm{t}_{\mathrm{C}\mathrm{o}}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}\text{ _{}i}\Gamma^{\backslash }\llcorner\backslash \text{ }$ t–C, $\ll^{-}h$
$\text{ _{}\mathrm{f}\mathrm{R}}\text{ }’ \mathrm{t}_{)}\text{ _{ }_{}}$’ $\grave{\mathrm{x}}l\mathfrak{X}^{\backslash }\pi[1\mathit{2}]$ $\text{ }\chi_{\mathrm{L}}7_{}’\mathrm{A}\mathrm{a}$ .
DDEs $\iota_{}^{arrow}i\backslash \mathrm{J}.\text{ }\pi_{\zeta}\grave{\mathrm{x}}\mathrm{A}\grave{\mathrm{Y}}\ovalbox{\tt\small REJECT}_{\text{ }}\backslash \backslash \not\in$) $4\backslash ’*_{l}-_{\pi}\mathfrak{X}’.\backslash \Xi \mathrm{r}4l_{}arrowarrow_{r}|\ni\ovalbox{\tt\small REJECT} \text{ }\xi\iota\mathrm{h}\mathcal{R}\theta^{>}\text{ }\prime_{1^{\mathrm{a}}}x’$ . $X\ovalbox{\tt\small REJECT}\exists^{-\text{ }6}\mathrm{i}(.3,6.4)\text{ }$
$X\grave{\eta}l_{\sim}\wedge-j\wedge\Xi \text{ ^{}\backslash }\mathrm{J}\underline{\mathrm{E}}\mathrm{k}\mathrm{f}\mathcal{T},$
$\mathcal{T}_{1},$ $\mathcal{T}2,$
$\ldots k4R_{\lambda}rightarrow\geq 1" f_{}’\ovalbox{\tt\small REJECT}^{\mathrm{B}\bigwedge_{\overline{\mathrm{D}}}}\text{ },$
$\#\ovalbox{\tt\small REJECT}_{arrow*\mathrm{r}}*1\mathrm{j}-_{\mathrm{r}}rightarrow\prime 4\ovalbox{\tt\small REJECT}\pi\#\mathrm{h}^{\Xi^{\backslash }}\Phi\propto \mathrm{F}\mathrm{t}\mathrm{B}\backslash \pm’\backslash \underline{\not\in}_{k}\mathrm{J}f_{^{\backslash }}^{\backslash }’ t\backslash \Xi\backslash \backslash ,$
$\mathrm{J}^{\backslash }\underline{\mathrm{F}}\mathrm{L}^{\mathrm{f}}$
$\delta^{\backslash ^{\backslash }}\backslash f\Psi \mathfrak{i}\perp^{\pi\ovalbox{\tt\small REJECT} \mathrm{A}X}"\grave{\wedge}\mathrm{s}\supset,$
$\text{ }l^{arrow l\mathrm{h}\text{ _{}y}l\mathfrak{R}\text{ }}arrow\text{ }\ovalbox{\tt\small REJECT}_{\text{ }}\mathrm{B}\Delta\backslash$ (
$\mathrm{n}\mathrm{g}$ delays $\text{ }\ovalbox{\tt\small REJECT} \mathrm{B}\wedge\overline{\subset 1}$)
$\frac{\mathrm{d}y}{\mathrm{d}x}=f(x,y(x),$ $y(x-\tau(x, y)))$
\emptyset B7\hslash #f \mbox{\boldmath $\gamma$}\breve ’‘‘ $\langle$ \emptyset D5\mbox{\boldmath $\pi$}B - F\neq b-\tau \vee 16. $\text{ }l^{1}\mathrm{t}$) $\ulcorner_{\mathit{4}}^{arrow ffl\text{ }}\llcorner\backslash \backslash \ovalbox{\tt\small REJECT} \text{ }\gamma_{\mathit{1}}|_{\mathrm{D}}\mathrm{a}7\pi\underline{\mathrm{F}}\mathrm{B}\theta^{\backslash \text{ }?}\backslash -\backslash $ -\mbox{\boldmath $\lambda$}\iota \breve \rightarrow b\tau \vee )6
\emptyset \emptyset \tau su’rv\Phi eyt(‘k[2\mbox{\boldmath $\delta$}],‘‘‘\nearrow (p\doteqdot 2\mbox{\boldmath $\gamma$}9\breve ’1 -6333)D DE*//\check s1ffl|\iota ‘‘\sim \rightarrow S71‘ \tau f\breve 6,$\mathrm{A}^{\mathrm{a}}\text{ }.\text{ _{}\grave{\mathrm{x}}}’7^{-}\text{ }l^{arrow}7\ovalbox{\tt\small REJECT} \text{ }\ovalbox{\tt\small REJECT}\mathrm{h},$ M. ZENNARO $\iota\prime X\text{ _{}\Psi 1}^{\mathrm{H}\backslash }\underline{\mathrm{F}}$
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$X(t, \cdot)$ evolution “ ”
(6.5) $\mathrm{d}X(t)=f(t, X(t))\mathrm{d}t+g(t,X(\theta))\mathrm{d}W(t)’(t>0)$ , $X(t)=X0$
. $W(t)$ Wiener ,
, {/Ib\nearrow J‘]:F \exists Di \iota f . (stochastic calculus),
(6.6) $x(t)=x(t_{0)}+ \int_{t_{0}}^{t}f(X(S))\mathrm{d}s+\int_{t_{0}}^{t}g(x(S))\mathrm{d}W(_{S)},$ $t\geq t_{0}$
h(H6.5\nearrow \nearrow \nearrow \Phi f\Phi (6.66) . $X^{-}(t)arrow$ \check (C 2\emptyset \emptyset \check \tau #‘f‘\emptyset #) $(_{\text{ }}\mathrm{K}\mathrm{I}\mathrm{T}\text{ _{}\neg \mathrm{J}}\backslash ’\underline{4^{\text{ }\mathrm{F}}\backslash }\underline{\mathrm{R}}\backslash .\ovalbox{\tt\small REJECT}_{\yen^{\backslash }}\mathrm{D}\text{ }"\backslash \backslash \text{ }\hat{\mathrm{O}}\ovalbox{\tt\small REJECT}_{\backslash }h\backslash .\text{ }$ \Phi .
$\text{ ^{}\ovalbox{\tt\small REJECT}_{\backslash }\backslash }"’\{^{\mathrm{m}}’\ovalbox{\tt\small REJECT} t_{\mathrm{J}}$ \exists Di\mbox{\boldmath $\pi$}\iota f \mp --‘‘ $\text{ ^{}\mathrm{A}}\mathrm{a}\iota\mathrm{h}\mathrm{t}\pm_{\overline{\mathrm{r}}}\wedge\ovalbox{\tt\small REJECT}+\backslash \backslash \dot{\neq r\text{ }^{}\backslash }\backslash \text{ }\prime$ $\llcorner^{\backslash }\backslash \mathrm{f}\mathrm{f}\mathrm{l}\wedge \text{ }\ovalbox{\tt\small REJECT} 7\mathrm{E}\text{ }$ -\tau $\mathrm{k}^{\backslash }\text{ }$ , \Re $*’\backslash$. $\text{ }\emptyset\searrow \text{ }-\mu \mathrm{X}\mathrm{f}\mathrm{f}\mathrm{l}\backslash \gamma x\ddagger\varpi_{\overline{\mathrm{f}}}^{\bigwedge_{\supset}}\iota \mathrm{B}\mathrm{h}\text{ }7\hslash \text{ }\backslash f_{\mathrm{c}}\mathrm{r}\mathrm{f}\mathrm{f}\mathrm{l}\text{ }\iota \mathrm{R}\iota\mathrm{h}b\text{ ^{}\backslash }\backslash t\searrow \text{ }$$\langle$ ,
. , \not\cong ( $\supset\sqrt[\backslash ]{}\text{ _{}I}^{\mathrm{O}}.-$ 7] ) $\delta\searrow \text{ }$ , \yen
, $h$ stepsize , %B $t_{n}=nh$ , $n=1,2,$ $\cdots$
\Phi \Xi . #\not\equiv BA .
, (6.5)
(6.7) $X_{n+1}=^{x}n+f(x_{n})h+g(x_{n})\triangle W_{n}$
Euler- scheme . Wn Wiener
$\triangle W_{n}=W(t+1)n-W(t_{n})$
.
$\triangle W_{\dot{n}}$ , $\sqrt{h}\xi(0,1)(\xi(0,1)$ l $0$ , 1 $\text{ }\mathrm{h}\frac{\varpi}{\mathrm{T}\overline{\backslash }}\backslash \sqrt\ovalbox{\tt\small REJECT} \mathrm{i}\mathrm{E}\text{ }5[_{\mathrm{J}}\text{ }$ ) , (6.7)
$-$ -\tau ‘‘--p--ffi^\neg D- . , “ ”
. Euler- scheme \not\in ) scheme ,
. SDEs ,2A,\rightarrow u‘‘#f--- $\text{ }k^{\mathrm{Y}}\text{ ^{ }}$ . \exists DiXJi $\text{ }$ 0 $\text{ }$ pathwize $\mathrm{t}_{}^{arrow\backslash }1\underline{\mathrm{p}}l1^{\backslash }\lambda g- \text{ }5\mathrm{g}\mathrm{A}$ 11, $\approx \mathrm{g}_{\backslash }\text{ _{ }\yen-}$
\yen -- Rl\Xi -‘‘\Re \tau ‘‘ . scheme strongweak .
, scheme $\mathit{0}$) $\mathit{1}|\mathrm{x}\mathrm{E}’\mathrm{r}\not\subset l_{}^{arrow}\iota\mathrm{h}\Phi^{R}-\Leftrightarrow \text{ }R\backslash \beta \mathrm{F}ffl$\mbox{\boldmath $\delta$}‘‘‘ $6-\succeq t\grave{\grave{\backslash }}\text{ }h-Tk\mathrm{Y}\text{ }$ ,
scheme \theta ‘J 6 ‘iA# ,
ODEs $1\backslash \mathrm{J}_{\iota}\text{ }\iota_{}arrow \mathfrak{z}_{\hat{B}\mathrm{X}}^{\succ}\lambda\not\in \text{ }\backslash \backslash *\text{ }$ . , \mbox{\boldmath $\pi$}H , ODEs k‘Butcher tree analysis SDEs p), $l\mathrm{h}$ scheme
$\text{ _{}\#\mathrm{B}\ovalbox{\tt\small REJECT} \text{ }^{}t}\backslash \gamma‘ \mathrm{f}\grave{*}\yen \mathrm{f}\mathrm{f}\mathrm{l}\mathrm{g}\delta^{\backslash }\searrow \mathrm{D}\urcorner_{\mathrm{B}}^{\ovalbox{\tt\small REJECT}_{\mathrm{b}}}\mathrm{b}$ .
$\mathrm{s}\supset\iota\mathrm{h}\text{ }\ovalbox{\tt\small REJECT} \mathrm{t}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\backslash \mathrm{j}\prime_{\grave{\mathrm{a}}}\mathrm{F}\mathrm{g}\text{ }\wedge \mathrm{t})7\mathrm{a}\mathrm{e}^{-}-\overline{\overline{\mathrm{p}}}^{\backslash }\tau 9-\text{ _{}d^{\backslash }}\iota\backslash \text{ }\delta^{\backslash ^{\backslash }}\backslash \text{ }t\backslash \backslash ^{\backslash },$
$\ll^{-}$
. SDEs \hslash ff \theta ‘J
, $\text{ _{}-\mathrm{i}^{-}}\overline{\backslash \backslash _{\prime}}A’\backslash \text{ }\neq\wedge 7ff\delta^{\grave{\grave{1}}},’\kappa_{}\backslash ^{\backslash },fx\delta>\text{ ^{}\backslash }\backslash \text{ ^{}\backslash ^{\backslash }}\text{ }$ $\mathrm{i}\vee 2f\mathrm{s}x7\lambda^{\{}+t_{\backslash }r\mathrm{E}b\text{ }8$) $\text{ }-C\backslash \backslash \wedge\# i\mathrm{E}\mathrm{t}’\not\subset\prime k\text{ _{}\grave{\lambda}\text{ }\wedge \text{ }}\backslash ^{\backslash }\emptyset\searrow$ ,. . SDEs
, [13] .
7
$\mathrm{J},\backslash \mathrm{J}_{1\text{ }}h\Phi \text{ }- C\text{ }_{\mathrm{c}}’ \mathrm{k}\vee\grave{)}\iota_{arrow}$
’
$J^{1\mathrm{I}}5^{4}l’\ovalbox{\tt\small REJECT} j\mathrm{J}\backslash$ \exists Di\mbox{\boldmath $\pi$} \mbox{\boldmath $\pi$}^‘aAY‘ \iota fg\vee \searrow FJJ$>\mathfrak{B}(\mathrm{f}\mathrm{f}\mathrm{l}^{\mathrm{x}g\#\mathrm{h}}\ovalbox{\tt\small REJECT}_{l\backslash }|\backslash$ I. NEWTON $t^{arrow}$
$\text{ }\mathrm{g}_{)}\text{ ^{}\mathrm{A}\mathrm{a}}\supset\tau-\not\in)\text{ }\mathrm{A}^{\mathrm{y}}f^{\backslash }’\backslash 6$ \‘o) btfe\mbox{\boldmath $\zeta$}\mbox{\boldmath $\delta$}‘‘‘b, $\text{ \sqrt[\backslash ]{}\text{ _{}L^{-_{F}}}^{\circ}\#\not\equiv’(\mathrm{t}\iota_{}arrow \text{ }\cdot\supset \text{ }\ovalbox{\tt\small REJECT}_{-}\backslash \text{ _{}\neq}\backslash \backslash rightarrow;\mathrm{x}\prime ff|\overline{\mathrm{y}}\text{ _{}1^{\backslash }}\underline{\mathrm{g}}\mathrm{E}\text{ _{}\mathrm{s}}\tilde{k}$
$\ovalbox{\tt\small REJECT}_{\ni \mathrm{i}\zeta \mathrm{b}}\wedge f‘*\ovalbox{\tt\small REJECT} \mathit{3}$ $\mathrm{F}_{\overline{\ovalbox{\tt\small REJECT} \mathrm{L}}}\iota\tau \text{ }\mathrm{t}$
) $\text{ }$ $\text{ }\mathrm{g}\text{ }$ 6. 1 $\hat{\dot{\mathrm{g}}}^{\sim\backslash }\mathfrak{o}^{-C_{\mathrm{J}}^{\backslash }}’\backslash \underline{\mathrm{t}\backslash }\wedge\backslash ^{\backslash }_{}$’Grado, Italy $T^{\backslash }\backslash \text{ }$’
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